QUASI FINITE LOOP SPACES ARE MANIFOLDS 
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Abstract. It is an old conjecture, that finite _ff-spaces are homotopy equivalent 
to manifolds. Here we prove that this conjecture is true for loop spaces. Actually, 
we show that every quasi finite loop space is equivalent to a stably parallelizable 
manifold. The proof is conceptual and relies on the theory of p-compact groups. On 
the way we also give a complete classification of all simple 2-compact groups of rank 
2. 

1/2/2008 

1. Introduction 

It is an old question in the theory of if-spaces, whether finite if-spaces are equivalent 
to differentiable manifolds. The first major result in this direction is due to Browder 
who showed in a series of papers that every simply connected finite if-space is homotopy 
equivalent to a closed topological manifold and, if the dimension is not congruent to 2 
mod 4, then this manifold can be taken to be smooth and stably parallelizable. 

The first examples of finite if-spaces which are not compact Lie groups, were con- 
structed using Zabrodsky's method of mixing homotopy types [11] [29]. Pedersen 
analyzed Zabrodsky's method in detail and showed that, in particular, ff-spaces in the 
genus of a compact Lie group are homotopy equivalent to stably parallelizable smooth 
manifolds [23] [24]. 

In [5], Capell and Weinberger got further results of this type for finite iJ-spaces. They 
put some extra conditions on the fundamental group; e.g that the fundamental group 
is a finite p-group (p odd) or infinite with at most 2-torsion. Under these assumptions 
they were able to show that such finite if-spaces are equivalent to topological manifolds. 

In this paper we will concentrate on finite loop spaces in general, and show that all 
finite loop spaces are homotopy equivalent to stably parallelizable smooth manifolds. 

A loop space is a triple (L, e) where L and BL are topological spaces, with BL 
pointed, and where e : VlBL — ^ L is a homotopy equivalence. By abuse of notation 
we denote this loop space also by L. Then L is an if-space with classifying space BL. 
Properties of loop spaces are inherited from L; e.g L is called finite if the space L is 
homotopy equivalent to a finite CW^-complex, quasi finite if H*{L] Z) vanishes in large 
degrees and is a finitely generated abelian group in each degree, and simply connected 
if the space L is so. Since all components of an if-space are homotopy equivalent, we 
can restrict ourselves to connected loop spaces. 

Theorem 1.1. For any connected quasi finite loop space L, there exists a stably paral- 
lelizable, smooth, finite dimensional closed manifold M such that L and M are homo- 
topy equivalent. 
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This theorem also says that every quasi finite loop space is actually finite. This was 
already proved in [21] by methods similar to those also used in this paper. 

The proof of the theorem is based on ideas and techniques developed by Pedersen in 
the above mentioned work [23] [24]. He constructed a special 1-torus for the i7-spaces 
X he considered. A special 1-torus is a fibration of the form — > X — > Y with 
special extra properties (see the next section). In particular, the map — > X factors 
through the inclusion C S^. Using the fact that F is a quasi finite, stably reducible, 
nilpotent Poincare complex he could prove that X is homotopy equivalent to a stably 
parallelizable manifold. 

The advantage of working with finite loop spaces comes from the fact that after 
p-adic completion we get p-compact groups. Hence we can treat almost like a 
compact Lie group. This will allow us to construct particular subgroups of L^, which 
are used to construct special 1-tori for L. 

The theory of p-compact groups will also provide enough information to show that 
L/ is a quasi finite, stably reducible, nilpotent Poincare complex, which is the other 
main ingredient to make Pedersen proof applicable. Our proof relies on work of Bauer 
[2] who used ideas of Klein [13] to construct an analogue of the one point compactifi- 
cation of the adjoint representation of a compact Lie group for p-compact groups (see 
Section 3). 

Unfortunately, special 1-tori do not exist for all quasi finite loop spaces; e.g. they do 
not exist for products of 5*0 (3) 's. The rational cohomology H*{L; Q) of a quasi finite 
loop space is an exterior algebra generated by odd dimensional classes. We say that L 
is small if H*{L; Q) is generated by classes of degree less than or equal to 3. Otherwise, 
we call L large. We have to treat small and large quasi finite loop spaces differently. 
For large loop spaces we follow the ideas of Pedersen and construct special 1-tori. For 
small quasi finite loop spaces we have a complete classification. 

Theorem 1.2. Let L be a small, connected, 2,- finite loop space. Then there exists 
a compact Lie group G isomorphic to a product of 's, a central elementary abelian 
subgroup E <Z G, and a torus T such that GjE x T and L are homotopy equivalent. 

Remcirk 1.3. Since any finite loop space L (actually any finite if-space) is equivalent 

to a product L' x T where T is a torus and L' is a finite loop space (respectively, a 
finite iJ-space) with finite fundamental group we may assume for both theorems that 
7ri(L) is finite. And this we will do in all what follows. We call a quasi finite loop space 
semi simple if it is connected and if 7ri(L) is finite. Hence we only need to prove the 
above theorems for semi simple quasi-finite loop spaces. 

The paper is organized as follows. In the next section we prove Theorem 1.2. Section 
3 is devoted to a discussion of stable reducibihty and completions. In Section 4 we 

discuss the notion of special 1-tori and reduce the proof of our main theorem for large 
finite loop spaces to the existence of local special 1-tori. In Section 5 we classify simple 
2-compact groups of rank 2. This is needed to construct completed special 1-tori for 
p-compact groups. This is worked out in Section 6. In Section 7 we use an arithmetic 
square argument to construct special 1-tori for finite loop spaces. 

We had developed our own argument for proving stable reducibihty of L/S^ but 
unfortunately we couldn't apply it in our situation (see Section 8). We explain our 
argument in the last section, since we think that it is interesting in it's own right 
and since it shows the power of Klein's homotopy theoretic version of the adjoint 
representation of a compact Lie group [13]. The techniques are similar to those used 
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in [2], but much simpler and very much motivated by a geometric argument for the 
stable reducibility of homogeneous spaces. 

Several proofs of this paper rely on the theory of p-compact groups. For a general 
reference we refer the reader to the survey articles [15] and [19] and the references given 
there. 

We thank Erik Pedersen for bringing this question to the attention of the first author, 
for valuable discussions and his continuous interest in this work. We also thank the 
CRM in Barcelona for it's support when part of this work was done. 



2. The case of small finite loop spaces 

In this section we assume that L is a small, semi simple, connected, quasi finite loop 
space. We notice that p-adic completion makes L into a p-compact group. That is 
(L^, -BLp , Cp) is a connected p-compact group. 

Theorem 1.2 is part of the following statement. 

Theorem 2.1. Let L be a connected quasi finite loop space. Then the following con- 
ditions are equivalent: 

(i) The eocterior algebra H*{L;Q) is generated by 3-dimensional classes; i.e. L is 
small. 

(ii) The polynomial algebra H*{BL;Q) is generated by 4- dimensional classes. 

(Hi) There exists a compact connected Lie group G isomorphic to a product of 's and 
a central elementary abelian subgroup E <Z G such that L ~ G/ E (as spaces). 

Proof. In the case of a p-compact group. Theorems of this type are proved in [9] 
(Theorems 0.5A and 0.5B). We will be using those results. 

The equivalence of (i) and (ii) follows easily from an Eilenberg-Moore spectral se- 
quence argument. 

Let us assume that (ii) holds, and let L^ denote the associated p-compact group. If 
p = 2 we can apply Theorem 0.5B of [9]. In our case this says that there exists a con- 
nected compact Lie group G isomorphic to a product of S'^'s and a central elementary 
abelian subgroup E C G such that BL2 — B{G/ E)^. Obviously, the number of 5'^'s 
is determined by the number of 4-dimensional generators of H*{BL2;Z2) ® Q or of 
H*{BL;Q). 

Now we consider the case of an odd prime p. The universal cover of L^ of L^ is a 
simply connected p-compact group [16] and splits into a product of simply connected 
simple p-compact groups [20] or [8], i.e. L = Ui^i- Since H*{BL^;Z^) ® Q ^ 
H^^BLp-^Zp) ® Q, the number of factors is determined by the number of generators 
of H*{I3L]Q) and, for each factor Xi, the algebra H*{BXi;Zp) ® Q is a monogenic 
polynomial algebra generated by a 4-dimensional class. Hence = Z/2 and Wl^ = 
rii^-^^i is an elementary abelian 2-group. Now Theorem 0.5A of [9] tells us that 
BL^ ~ BH^ where H is a product of S^. Since is center free, BH^ ~ BL^ = BL^. 
The number of factors again equal the number of generators of H*{BL;Q). 

By construction G = H, and since B{G/E)p ~ BG^ for odd primes, we have 
BLp ~ B{G/E)p for all primes. Since BL and BG/E are both rationally products 
of Eilenberg-MacLane spaces and since they have the same rational cohomology, we 
also know that the rationahzations BLq and B{G/E)q are equivalent. That is to say 
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that BL is in the adic genus of BG/E and hence L in the adic genus of G/E. By [21] 
(Theorem 6.1), the adic genus of G/E is rigid, that is every space in the adic genus of 
G/E is actually equivalent to G/E. This implies condition (iii). 

On the other hand if L ~ G/E, then the exterior algebra H*{L] Q) is generated by 
3-dimensional classes. This finishes the proof. □ 



3. Stable reducibility and completions 

For a quasi- finite space K we define the homological dimension hdj^{K) of K by the 
degree of the largest non vanishing integral homology group. For a Poincare complex 
this equal the formal dimension of K which is given by the degree of the fundamental 
class. We call a quasi- finite Poincare complex K of homological dimension hdz(X) = n 
stably reducible, if, for some r € N there exists a map — ^ S'^ AK — 17 K such that 
Hn+riS^^^'jIj) — > Hn+rC^^K-jZ) is an isomorphism or, cquivalently, if the Hurewicz 
map h : nn+rC^^K) — >Hn+r{K\'L) is an cpimorphism. These conditions are also 
equivalent to the fact that the Spivak normal bundle is stably trivial and to the fact 
that the top cell splits off stably. 

Using the techniques of completions we will break the question of stable reducibility 
down to local ones. First we have to recall some notions. 

Let be a commutative ring with unit. A space K is called i?- finite if H^(K;R) 
vanishes in large degrees and is a finitely generated i?-module in each degree. In par- 
ticular, quasi finiteness is nothing but Z-finiteness. For such spaces the R-homological 
dimension of K, denoted by hdR^K), is given by th degree of the largest non vanishing 
homology group (with coefficients in the ring R). A i?-finite space K with hdR{K) — n 
is a Poincare complex if H*{K;K) and H^{K;R) satisfy the usual Poincare duality 
properties with respect to a fundamental class [K][i G Hn{K; R). 

We call a i?-finite Poincare complex K with hdji{K) = n R-stably reducible if, for 
some r e N, there exists a map S"'~^^ — > Y7K such that the induced map 
Hn+r{S'^^'^]R) — >Hn+riJ7K]R) is an isomorphism or, equivalently, if the Hurewicz 
map 

TTn+ri^"^ K) (g) R — > Hn+ri^''K; R) is an epimorphism. 

For a space K we denote the p-adic completion by K^. If K is nilpotcnt or p-good 
completion induces an isomorphism in mod-p homology and cohomology. Hence, for 
such spaces K and have the same mod-p properties. 

Lemma 3.1. Let K he aZi-finite, nilpotent, Poincare complex of homological dimension 
n. Then the following are equivalent: 
(i) K is stably reducible. 

(a) For all primes p, K is mod-p stably reducible. 

(iii) For all primes p, the completion is mod-p stably reducible. 

Proof. Since X is a Poincare complex of dimension n, we know that Hn+r(J^^ K-^Wp) = 
Hn+r(J^^K; Z) Fp = Fp. We consider the exact sequence 

T^n+ri^'K) H^+r(^'K; Z) ^ Z ^ Q ^ 1 

where Q is the cokernel of the Hurewicz map. We choose r big enough so that we are 
in the stable range and Q does not depend on r. Then Q — ii and only ii Q ®¥p — 
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for all primes. That is K is stably reducible if and only if K is mod-p stably reducible 
for all p. 

The equivalence between (ii) and (iii) follows from the fact that 7r*(E''ir) Fp = 

We record another easy lemma. 

Lemma 3.2. Let K be a X^-pyfinite, nilpotent, Poincare complex of 'L(j,yhomological 
dimension n. Then the following are equivalent: 

(i) K is Z(p) stably reducible. 

(ii) K is mod-p stably reducible. 

(iii) Kp is mod-p stably reducible. 

Proof. The equivalence of (ii) and (iii) is exactly as in the above lemma. Hence one 
only needs to establish the equivalence of (i) and (ii). This follows rather trivially since 
the map TTn+rC^^K) Z(j,) — > Hn^ri'^^K]'^(p)) is an epimorphism if and only if the 
map TTn+rC^^ <2) Fp — > Hnj^j.{Tr K] Fp) is an epimorphism. □ 

In [2] (Theorem 1.3), Bauer showed that for a p-compact group X there exists a 
p-completed sphere spectrum Sx with a stable X-action whose dimension equals the 
Fp-homological dimension hdFp(-^). Here we have to work in the category of simplicial 
spaces and have to replace the loop space X by the associated simplicial group. More- 
over, if X is the completion of a compact Lie group, we can take for Sx the one point 
compactification of the Lie algebra of G with the adjoint action. In particular, if G 
is abelian, Sq has the trivial action. He also showed that, for a p-compact subgroup 
Y d X there exists a map of spectra Sx — ^ X Ay Sy which induces an isomorphism 
in Hn{ — ; Fp). Here, we take the mod-p cohomology of spectra. This result enables us 
to prove the following proposition. 

Proposition 3.3. LetX be a p-compact group and let T — >X be a p-compact subtorus. 
Then, the ¥p-finite homogeneous space X/T is mod-p stably reducible. 

Proof. Since T is the completion of an abelian compact Lie group, the sphere spectra 
St carries the trivial T action. Therefore, we get a map Sx — ^ Xj^ At St — X/T^ASt 
which induces an isomorphism in mod-p homology in the right degree. In particular, 
this tells us that the top cell of X/T splits off stably and that X/T is mod-p stably 
reducible. □ 



4. Special 1-tori and the proof of Theorem 1.1 

In [24] Pedersen introduced the concept of special 1-tori for spaces, which is his main 
concept to get control of the surgery obstructions (see [24] Proposition 2.1). We will 
recall his notion. Actually, we only need the p-local version. A fibration F — > E — > B 
is called orientable if tti [B] acts trivially on the set [F, F] of homotopy classes of self 
equivalences of F. 
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Definition 4.1. A nilpotent space K admits a p-local special 1-torus if, up to homotopy, 
there exists a diagram of orientable fibrations 



K 



B 



such that 

(i) A is 'Ij(^py finite. 

(a) B is ^(jty finite and Z(^y stably reducible. 

(Hi) Localized at 0, the diagram is homotopy equivalent to 



^0^ 



Sq *- Aq X Sq 



o2 



^AqxSI 



A 



-4o 



where all vertical fibrations are trivial. 

Using the notion of special 1-tori Pedersen could prove the following result (see [24] 
Theorem 1.4). 

Theorem 4.2. (Pedersen) Let X be a Tj-finite H-space. If for every prime p the 
localization admits a special 1-torus, then X is homotopy equivalent to a smooth 
stably parallelizable manifold. 

Obviously, there also exists a notion of a global special 1-torus. For the proof of 
the above theorem, Pedersen first showed that, under the above assumption, X has a 
global special 1-torus. Then he used this extra structure to prove that the finiteness 
obstruction for X vanishes. Since i7-spaces are stably reducible [4], their Spivak nor- 
mal bundle is stably trivial. The existence of a special 1-torus then also implies the 
vanishing of the surgery obstruction for the existence of a homotopy equivalence to a 
stably parallehzable manifold (see [24] 2.1 and 4.2). 

To prove Theorem 1.1, it is therefore only left to show that any large Z-finite loop 
space admits p-locally a special 1-torus. And this is a consequence of the following 
proposition. 

Proposition 4.3. Let L be a large connected Z-finite loop space. Then there exists a 

f 



loop space N and a fibration A 



BNi^p) such that A is simple, finite 



ip)- 



and such that N and L are homotopy equivalent spaces. Moreover, localized at 0, there 
exists a left inverse s : BMq — ^ BSq of f , i.e. sfo = id^gs. 

The proof of this proposition will be given in Section 7. 

Corollary 4.4. For a large Z-finite loop space L and a prime p, the localization L^p-) 
admits a p-local special 1-torus. 
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Proof. Let C be the maximal torus of S^. Since the loop space of the last 
proposition is equivalent to L we only have to prove the claim for or equivalently, we 
may assume that there exist a fibration BS^,^^ — > BL(^p) with the desired properties. 

Passing to classifying spaces and localizations, and taking homotopy fibers we get a 
commutative diagram of fibration sequences 

A 



L 



B 



^^(p) ^hp) 



BL(^p). As the 



Here B is the homotopy fiber of the composition BS^^,^ 

homotopy fiber of maps between simply connected spaces, A and B are simple. 

The three left columns of the above diagram will establish a p-local special 1-torus 
for L(p). All rows of this 3 x 3-diagram are given by principal fibrations and therefore 
orientable. The same holds for the two left columns. For the right column we have a 
pull back diagram 

>S -A 



S{p) ^ BSl^ ^ BSfp^ 

The bottom row is an orientable fibration. Hence, this also holds for the top row. This 
shows that the above 3 x 3-diagram consists of orientable fibrations. 

Since A is Z(p)-finite, a Serre spectral sequence argument shows that the same holds 
for B. 

Localized at 0, there exists a left inverse s : BLq — ^BS^. Since sg^ = sf^iQ = io, 
this left inverse establishes rationally compatible left inverses for all vertical arrows 
between the second and third row of the above large diagram. In particular this shows 
that, localized at 0, the vertical fibrations of the 3 x 3-diagram are trivial and that this 
diagram satisfies the third condition of special 1-tori. 

To complete the proof it remains to show that B is Z(p)-stably reducible. We 
pass to completions. Then becomes a p-compact group. We get a fibration 
Bp — )• BS^p — )• BLp. Since B was Z(p)-finite and simple, B and B^ have isomorphic 
mod-p homology. This shows that B^ is Fp-finite, that S^^ — > is a monomorphism 
of p-compact groups and that B is equivalent to the homogeneous space Lp/S^p. By 
Proposition 3.3, B is Fp-stably reducible and by Lemma 3.2, B is Z(p)-stably reducible. 
This completes the proof and shows that L(p) admits a p-local special 1-torus. □ 

Proof of Theorem 1.1: We already discussed th ecase of small quasi finite loop spaces. 
Let L be a large Z-finite loop space. By Corollary 4.4 every localization L(p) admits a 
p-local special 1-torus. By Theorem 4.2 this implies that L is homotopy equivalent to 
a smooth stably parallehzable manifold. □ 
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RemcLrk 4.5. Unfortunately, there exists no global version of Proposition 4.3; i.e. a 

large quasi finite loop space N might not contain a S"^ or a 5*^ as a subgroup. Hence, 
in general there exists no sequence of fibrations of the form 

— >L — > L/S^ — > BS^ — > BN, 

where L and are homotopy equivalent. If such a sequence were to exist, the argument 
of Section 8 would give a proof of the stable reducibility of L/S^. 



5. 2-COMPACT GROUPS OF RANK 2 

In this section we will classify all simple 2-compact groups of rank 2. For the con- 
venience of the reader and to fix notation we recall some material about p-compact 
groups. 

A p-compact group X is a loop space X = {X, BX, e) such that BX is p-complete 
and pointed and such that X is Fp-finite. Every p-compact group X has a maximal 
torus Tx, a maximal torus normahzer Nx, and a Weyl group Wx acting on Tx- These 
loop spaces fit into a diagram 

BTx > BNx ^ BWx 




BX 



Here, BTx — -^((^p)";2) is homotopy equivalent to an Eilenberg-MacLane space of 
degree 2. The top row is a fibration and determines the action of Wx on Tx, actually 
on Lx ■= ni{Tx) = (^p)"- Wc call Lx the associated M^x-lattice and n the rank of 
X. This action can also be described by a representation Wx — >Gl{Lx)- If X is 
connected, this representation is faithful and makes the finite group Wx into a pseudo 
refiection group. And if in addition p — 2, then Wx is a 2-adic reflection group. We call 
X simple if X is connected and if the associated representation Wx — >Gl{Lx ® Q) 
is irreducible. For details and further notions we refer the reader to the survey articles 
[15] and [19] and the references mentioned there. 

The following theorem might be known to the experts. But since we couldn't find a 
reference for it, we will also include a proof. 

Theorem 5.1. Any simple 2-compact group X of rank 2 is isomorphic to the 2-adic 
completion of SU{3), Spinib) = Sp{2), S0{5) or G2- 

The rest of this section is devoted to the proof of this statement. For compact 
connected Lie groups we will abuse notation and denote by G the associated 2-compact 
group obtained by 2-completion. 

Let U he a. finite dimensional vector space over with an action of a finite group W 
defined by a homomorphism W — >Gl{U). A 1^-lattice L of C/ is a Z2 -lattice L C U 
of maximal rank fixed under the action of W; i.e. L is a Z^[iy]-module and L®Q ^ [/. 
We say that two M^-lattices L and L' of U are isomorphic if L = L' as Z2 [W^]-modules. 
A H/^i-lattice Li and a iy2-lattice L2 are called weakly isomorphic if there exists an 
isomorphism Wi = W2 such that Li and L2 are isomorphic as Wi lattices. 

We say that two p-compact groups X and Y have the same Weyl group data if the 
representations Wx — ^ Gl{Lx) and Wy — ^ GI{Ly) are weakly isomorphic. Renaming 
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the elements of Wy we always can identify Wy with Wx and assume that the two 
lattices are actually isomorphic. 

From the Clark- Ewing list [6] we get a complete list of all irreducible reflection groups 
of rank 2 defined over Q2 . These are given by the dihedral groups Dq, Dg and D12 with 
their standard representation as reflection groups. In fact, these are the only dihedral 
groups which can be represented as reflection groups over Q2 . The flrst is the rational 
Weyl group representation of SU{3), the second of Spin{5) or 5*0(5) and the last of 
the exceptional Lie group G2. The classification of Clark and Ewing only works up to 
weak equivalence. 

The Lie groups Spin{5) and Sp{2) are isomorphic. Hence, the Weyl groups Wspin{5) 
and Wsp(2) are also isomorphic and the associated lattices Lspin{5) and Lsp(2) weakly 
isomorphic. In the following, we will always use the one of these two which seems to 
be more appropriate. 

The universal cover X of a p-compact group X is again a p-compact group and, if 
7ri(X) is finite, X and X have the same rational Weyl group data and X = X /Z where 
Z C X is a central subgroup [16]. Simple p-compact groups have finite fundamental 
groups [16]. Therefore, Theorem 5.1 is a consequence of the following classification 
result for simply connected simple 2-compact groups. 

Theorem 5.2. Let G — SU{3), Sp{2) or G2. A simply connected 2-compact group X 
has the same rational Weyl group data as G if and only if X and G are isomorphic as 
2-compact groups. 

For the proof of this theorem we first have to classify all 2-adic lattices of the repre- 
sentation Wg — > GL{Lg ® Q). 

Lemma 5.3. Let U := (Q2)^ and W — >GL{U) he a reflection group. 

(i)IfW = DQ, D12 then, up to isomorphism, there exists exactly one W -lattice of the 

representation W — > Gl{U) . 

(a) IfW = Ds each W -lattice of U is isomorphic either to Lso{5) or to Lspin{5)- And 
both lattices are weakly isomorphic. 

Proof. For Dq and D12 this follows from [1] (Proposition 4.3 and Theorem 6.2). 

Now let W — Ds- In this case we have two non isomorphic lattices Lso{b) and Lspin{S)- 
Let L be another VT-lattice of U. For a large r, the lattice 2^L, the submodule of all 
elements divisible by 2'', is a submodule of Lso(5) = TJ^ ® . We choose r minimal 
with this property, i.e. T'L C Lso{b) but 2'"L ^ 2Lso{5)- Since L ® Q = Lso(b) ® Q; 
we get a short exact sequence of Z2[W^] -modules 

0^2'-L^L5o(5) ^ g^O. 

The minimality of r implies that Q is a finite cyclic group; i.e. Q = Z/2* generated by 
either p((l,0)) or p((0, 1)). The dihedral group Ds is generated by the three elements 
(Ti,(j2,r, where CTj multiplies the i-th coordinate by —1 and r exchanges the two coor- 
dinates. Since the automorphism group of Q is abelian, the action of on Q factors 
through the abelianization of W, ab{W). It follows that the element o"iO"2 = ctitctit acts 
trivially on Q. Hence the elements (1, 0), (0, 1) G M are mapped onto elements of order 
2 in Q. Thus, either Q = or Q = Z/2. In the first case, we have L = M = Lso(5)- 
In the second case, Dg acts trivially on Q with p((l,0)) = p((0, 1)) 7^ in Z/2 and 
consequently L = Lspin{5)- This proves the first part of (ii). 



10 



NITU KITCHLOO AND DIETRICH NOTBOHM 



The second part follows from the facts that -^5^(2) and Lspin{5) are weakly isomorphic 
and that Lsp{2) and Lso{5) are isomorphic. □ 

Proof of Theorem 5.2: If X and G have the same rational Weyl group data, the 
above lemma shows that they also have the same 2-adic Weyl group data. We can 
assume that W := Wg = Wx and that L :— Lq — Lx- We also can identify the 
maximal tori T := To = Tx- 

For G = SU (3) or G2, this implies X = G. For SU (3) this follows from [17] and for 
G2 from [27]. 

For Spin{5) = Sp{2) uniqueness result are only known in terms of the maximal 
torus normahzer [22] [26]. We have to show that Nx = ^Sp(2) as loop spaces; i.e. 
BNx BNspi2). 

Since X and Sp{2) have the same rational Weyl group data, they have isomorphic 
rational cohomology. Hence, H*{X; Z2) (23 Q is an exterior algebra with generators in 
degree 3 and 7. If H*{X]Z2) has 2-torsion, then X and G2 have isomorphic mod-2 
cohomology [12]. The Bockstein spectral sequence then shows that X does not have 
the right rational cohomology. Therefore, X has no 2-torsion, H*{X; ) is an exterior 
algebra with generators in degree 3 and 7 and H*{BX; ¥2) = F2[x4, Xg] is a polynomial 
algebra generated by a class of degree 4 and one of degree 8. Since H*{BX;¥2) is a 
finitely generated module over H*{BT;¥2), the composition 

H*{BX; ¥2) = H*{BX; Z^)®F2 — > H*{BT; Z^)^®F2 = H*{BSp{2)] ¥2) — ^ H*{BT] ¥2) 

is a monomorphism. The isomorphism H*{BT]'Z2)^ ® F2 = H*{BSp{2)]¥2) follows 
from the fact that X and Sp{2) have the same 2-adic Weyl group data (Lemma 5.3). 
Since the first and third term are both polynomial algebras of the same type, 

H*{BX; ¥2) — > H*{BT; Z^)^ ® F2 ^ H*{BSp{2);¥2) 

is an isomorphism. 

Let t C T denote the elements of of order 2 and H := x C Sp{2) the obvious 
subgroup. We have a chain of inclusion t C T C H C Sp{2) and H — Csp{2){t)- 
The action of Dg, on t factors through the Z/ 2- action on t given by switching the 
coordinates. 

Now we use Lannes' T-functor theory (e.g. see [25]). We get a map / : Bt — > BX 
which looks in mod-2 cohomology like the map Bt — yBSp{2). This map is Z/2- 
equivariant up to homotopy. The mod-2 cohomology of the classifying space BCxif) : — 
map{Bt, BX) f of the centralizer Cx{t) can be calculated with the help of Lannes' 
T-functor and if*(5Cx(t); F2) = H*{BCsp{2){t)\¥2) = H*{BH;¥2). Moreover, the 
Weyl group of Cx(t) is given by the elements of Ds acting trivially on t. Hence 
Wc^^t) = Z/2 X Z/2. By [9] (Theorem 0.5B), this implies that BCx{t) ~ BH. We 
will identify Cx{t) with H. The Z/2-action on t induces a Z/2-action on H. Since 
Bt — > BX was Z/2-equivariant up to homotopy, the inclusion BCx{t) — > BX extends 
to a map BY := BHhi/2 — > BX. In this case, the homotopy orbit space BY happens 
to be a 2-compact group and has the same Weyl group as X. That is Ny = Nx- 
Moreover, the space BY fits into a fibration 

BH — ^BY — ^BZ/2 , 

which is classified by obstructions in H*{BZ/2;7r^{BSHE{BH))). Here, SHE{BH) 
is the space of self equivalences of BH homotopic to the identity. Since SHE{BH) ~ 
{BZ/2f [7] and since Z/2 acts on 7r2(S2(Z/2)2) ^ {Z/2f by switching the coordinates. 
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all obstruction groups vanish and the above fibration splits. This shows that BY ~ 
B{H y\Z/2) := EH' and that BNx = BNy ~ BNh' = BNsp(2)- That is X and 
5*^(2) = Spin{5) have isomorphic maximal torus normalizer and shows that X = 

Spli). □ 

Remark 5.4. The only simply connected 2-compact group of rank 1 is S^. Hence, 
we get the following complete list (up to isomorphism) of connected 2-compact groups 
of rank 2, namely x S\ x 5^ U{2), x SO{3), x S^, x SO{3), SO{4), 
SU{3), Sp{2), SO{5) and G2. 

The following corollary is needed for later purpose. For a p-compact group X we 
denote by X the associated center free quotient. 

Corollary 5.5. For any simple connected 2-compact group X of rank 2, there exists 
a homomorphism — > X such that the composition — > X — > X is a monomor- 
phism. 

Proof. Because of Theorem 5.1 we only have to check this for the compact connected 
Lie groups S'f/(3), Sp{2), S0{5) and (^2- There exists a chain of monomorphisms 
= SU{2) C SU{'i) C G'2. Both groups, S'f/(3) and G2- arc 2-adicaIIy center free. 
This proves the claim in these two cases. Let C Sp{2) denote the inclusion into 
the first coordinate. Since the intersection of and the center of Sp{2) is trivial, the 
composition 5"^ C Sp{2) — > SO{h) is also a monomorphism. This proves the claim in 
the other cases. □ 



6. Particular subgroups of p-compact groups. 

In this section we will construct particular subgroups of large p-compact subgroups. 
A p-compact group X is called large, if the exterior algebra H*{X;Zp) (8) Q has a 
generator of degree > 5. We want to prove the following proposition. 

Proposition 6.1. Let X be a large semi simple connected p-compact group. Let r :— 
dimq^ H'^{BX',Z!^) ^ Q be the dimension of the Q^-vector space H'^{BX;Z!^) ® Q. 
Then there exists a compact Lie Group G and a map 

f:BG^^BX 

such that the following hold: 

(i) G = X H with H semi simple and it's universal cover H isomorphic to {S^y~^ . 
If p is odd, we can choose G = {S^Y . 

(a) The induced map H*{BX] Z^) ® Q — H^^BG^] Z^) ®Q is an isomorphism. 
(Hi) The homotopy fiber X / Gp of f is simple andWp-finite. 

Proof. Comparing the statement with Proposition 3.1 of [21] there is an extra assump- 
tion on the generators of H*(X;Zp) Q and the corresponding additional output is 
that G contains a factor S^. Actually, for odd primes, the statements of both proposi- 
tions are the same. Therefore we only have to prove the statement for p = 2. Again, 
for a compact connected Lie group we denote by G the associated 2-compact group. 

Let X be a semi simple 2-compact group, i.e. t^i{X) is a finite 2-group. If H*{X; Z2 )® 
Q is not generated by classes of degree 3, i.e. the polynomial algebra H*{BX; Zg ) (S) Q 
is not generated by classes of degree 4, then the Weyl group Wx is non abelian [9] 
(Theorem 0.5B), but a honest reflection group, since Wx is defined over Qg. That is. 
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Wx is generated by elements of order 2 fixing a hyperplanc of codimension 1. The 
universal cover X of X splits into a direct product X = Yi^i of simple, simply con- 
nected pieces [8]. Since X and X have isomorphic Weyl groups, we can assume that 
Xi has a non abelian Weyl group Wi. For this piece we will construct a monomor- 
phism BGi :— BS^ — ^ BXi, such that the composition BS^ — > BXi — ^ BXi is also 
a monomorphism (sec below). Here, Xi denotes the center free quotient of Xi. More- 
over, the map BGi — > BXi will induce an isomorphism in H^{—; Z^) ® Q. 

Having done this we can proceed similarly as in [21]. For all other pieces there 
exists monomorphisms BGi — ^ BXi inducing an isomorphism on H^{ — ; Z^) ® Q such 
that Gi is isomorphic to or to 5*0(3) (see [21]). This produces a homomorphism 
Yl Gi — > Yl-^i — ^ — p-compact groups. The kernel K of this homomorphism, 
which might be nontrivial, is a central subgroup of Gi x nj>i [18]. Since the 
center free quotient X is isomorphic to Hj^j have a homomorphism X — >Xi. 
By construction the composition — > Xi — > Xi is a monomorphism. We get a 
commutative diagram 

K^S'xYl^>,G, ^X 



K ^ ^ Xi 

where the right arrow in the bottom row is a monomorphism. Since Xi is center 
free the composition K — > x nj>i — ^ trivial. Therefore, X is a subgroup 
of nj>i ^'^'^ ^he map x ni>i — ^ factors through a monomorphism G :— 
X {(^i>iGi)/ K) — ^X with all the desired properties. 

It remains to show that, for a simple, simply connected 2-compact group X with non 
abelian Weyl group, there exists a monomorphism — > X inducing a isomorphisms 
in i/'^(-; Zp) OQ such that — >X — >X is also a monomorphism. Let W C Wx be 
a subgroup of the Weyl group of X generated by two non commuting refiections of Wx- 
Let T C C Tx denote the connected component of the fixed-point set of the Wx- 
action on Tx, which has codimension 2. The centralizer C := Cx{T) is a connected 
2-compact group, whose Weyl group Wq contains W' [16]. There exists a finite covering 
of G which sphts into a product y xT where y is a simply connected 2-compact group of 
rank 2 with Weyl group isomorphic to Wc- The action of W' on the maximal torus Ty 
of Y gives rise to an irreducible representation over Q2 . Otherwise, W' would split into 
a product and the two chosen refiections would commute. Hence, the 2-compact group 
Y is simple and of rank 2. By Corollary 5.5 there exists a monomorphism — >Y 
such that — > Y — > y is a monomorphism. Putting all these homomorphisms and 
groups into a diagram we get 

— ^ y ^ X 

S3 ^Y/K 

Here, K denotes the kernel of Y — > X. In particular, 7^ is a central subgroup of Y . 
Since S'^ — > Y — > Y/ K — > Y is monomorphism, this also holds for the composition of 
the first two arrows. Moreover, since Y/ K — > X is a monomorphism, the same holds 
for the composition — >Y/K — >X. This proves the above claim and finishes the 
proof of the proposition. □ 



quasi finite loop spaces are manifolds 
7. Proof of Proposition 4.3 
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In this section, we want to prove Proposition 4.3. The proof is based on an arithmetic 
square argument. First we need a statement about the existence of a particular sub 
loop space, a global version of Proposition 6.1. 

Proposition 7.1. Let L he a large semi simple Z-finite loop space. Then there exists 
a semi simple compact Lie group G, loop spaces M and N and a fibration 

A — ^ BM — > BN 

such that the following hold: 
(i) A is simple and Z- finite. 

(a) G = X H and the universal cover of H is isomorphic to a product of 's. 
(Hi) The spaces G and M as well as L and N are homotopy equivalent. 

(iv) H^{BN;Q) — >H^{BM;Q) is an isomorphism. 

(v) There exists a commutative diagram 

BM^ ^ BN^ 



BG^ . BL^ 

where the vertical maps are equivalences. The same holds for the rationalizations of 
the classifying spaces. 

Proof. This statement is a refinement of Proposition 1.4 of [21]. The proof of that 
statement is an arithmetic square argument which uses it's p-completed version, namely 
Proposition 3.1 of [21], as input. The proof carries over word for word. We only 
have to replace that proposition by a p-completed version of the above claim, namely 
by Proposition 6.1. In particular, the bottom rowin the diagram of (v) is the map 
constructed in Proposition 6.1. Claim (ii), which is not part of Proposition 1.4 of [21], 
is a consequence of the same formula in Proposition 6.1. □ 

Remark 7.2. The above proposition establishes an oriented fibration G — > L — > L/G. 
And the existence of such an oriented fibration is already sufficient to show that the 
finiteness obstruction vanishes and that every quasi finite loop space is actually finite 
(see [21]). The existence of a special tori is needed for the vanishing of the appropriate 
surgery obstruction. 

For the proof of Proposition 4.3 we need two more lemmas. 

Lemma 7.3. Let A E Gl{n,'L'^^). Then, there exists a vector v = {vi,...,Vn) E (Z^)" 
such that Vi is a square of a p-adic unit for all i and such that Av is a vector whose 
components are given by elements ofL^j,). 

Proof. Let B := A~^. We have to solve the following problem: Find a vector w G Z^^^ 
such that Bw ^ has as components squares of p-adic units. The question whether 
a p-adic unit is a square, can be decided by reducing to Z/p for p odd or to Z/8 for 
p = 2. In both cases the reduction S of S is an invertible matrix and induces therefore 
an epimorphism on (Z/p)" =: V. In particular, if v E V is a vector with components 
given by squares mod p such that all entries are units in Z/p, there exists a vector 
w e (Z)" such that Bw = v. Hence, Bw is a vector whose components are squares of 
nontrivial p-adic units. For p = 2, the same argument works, we only have to replace 
Z/p by Z/8. □ 
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Proof of Proposition 4-3. Let M and denote the loop spaces and G the Lie group 
constructed in Proposition 7.1 Since BM^ ~ BGp and BMq ~ BGq we have a pull 
back diagram 

BM^) . BG^ 

BGo -SGJ— l(SGp)o 

Here BGp is the formal p-adic completion of the rationalization BGq in the sense of 
Sullivan, and {BGp)^ the localization at of BG^. The map A is an equivalence 
between the homotopy equivalent spaces BG^ and {BGp)o, and induces a continuous 
map in homotopy. The homotopy groups 7r*{{BGp)o carry a natural topology, since 
Ti^BG^) ^ n^{BG) ® (details may be found in [28]). {BG^)o = ir(QP^4) is a ra- 
tional Eilenberg-MacLane space. Since self maps of rational Eilenberg-MacLane spaces 
are determined by the induced maps in homotopy, and since A induces a continuous 
map in homotopy, we can think of A as a matrix in G/(n, Q^) inducing a continu- 
ous self equivalence of (Q^)". Such matrices can be written as a product BR where 
B G Zp) and R G Gl{n;Q). For example, this follows from the fact that the 

adic genus of products of S'^'s is rigid. Since R can be realized as a self equivalence of 
BGq, replacing A hy B does not change the homotopy type of the pull back. Hence 
we may assume that A e Gl{n, Z^). 

We have an analogous pull back diagram as above for the classifying space BM of 
the universal cover M of M with the same gluing map A, namely 

SM(^) BS^; X BH^ 



BSl X BHo {BS^ X BH)l — {{BS' x BH)^)o 

Here we used the fact that G ^ S^xH with H = H/K, and H a product of S^'s. Since 
every equivalence BS^p — ^ BS^p induces in 774 (55'^^) multiplication by a non trivial 

square unit of Z^, Lemma 7.3 shows that there exists a map BS^ — ^ BS^p x BHp 
such that the composition 

BSfp^ BS^^ BS^; X BH^ {{BS^ x BH)^)o ^ {BS^ x BH)l 

lifts to a map BS^p^ — ^BSq x BHq. Moreover, localized at 0, composition with the 

projection on the first factor is an equivalence. This establishes a map BS^p^ — > BM(^p-^ 

such that the completion of the composite BS^^^ — > BM(p) — > -BM(p) is induced by the 

monomorphism S'^^ — * S^p ^ — ^ S'^p x H / = G^ of p-compact groups. This 
shows that the homotopy fiber of BS^^^ — > BM(j,) is simple and Z(p)-finite as is the 

homotopy fiber of the composite / : BSf^^ — > 5M(p) BN(p). Since H^{BNq; Q) = 
H*{BMo;Q), there exists a left inverse s : BNq — ^ BMq for qq. Projection onto the 
first factor gives a left inverse of BSq — ^BMq ~ BSq x BHq. This shows that, 
localized at 0, the map / : BS^p,^ — s- BN(^p) has a left inverse and finishes the proof of 
the proposition. □ 



QUASI FINITE LOOP SPACES ARE MANIFOLDS 



15 



8. Stable Reducibility of abelian quotients 

Let L be a finite loop space. Let T be an abelian compact Lie group, and let Btp : 
BT — > EL be a monomorphism. We will show in this section that the Z- finite fiber L/T 
is stably reducible. Unfortunately, here wc use a stronger assumption than we arc able 
to produce in our case. In general, the fibration sequence — > L — > L/S^ — > BS^ 
cannot be extended one further step to the right. This is only possible after completion. 

We begin with the case of a Lie group L to develop our intuition. 

Lemma 8.1. Let ip : T L be a monomorphism between compact Lie groups, where 
T is abelian, then L/T is stably reducible. 

Proof. Let C and T be the Lie algebras of L and T respectively. It is easy to see that 
the tangent bundle of L/T is given by L Xj' (C/T), where the action of T on the Lie 
algebras is given by the adjoint representation. Since T is abeUan, the bundle L XtT 
is trivial. On adding it to the tangent bundle of L/T, we get the bundle L Xt C. 
Notice that the adjoint action of T on £ extends to L and hence L Xt C is trivial. 
This shows that L/T has a stably trivial tangent bundle, which is equivalent to being 
stably reducible. □ 

One would like to extend this argument to the case of L being a finite loop space. The 
theory that best preserves the analogy with compact Lie groups has been developed by 
John Klein in [13]. For a topological group G, Klein defines the dualizing G-spectrum, 
Dq = M&^{EG^,S\G\f, where S\G\ is the spectrum E°°G+ with the left G action. 
The residual right G action on S\G\ induces the G action on Dq. The spectrum Dq is 
the appropriate notion of the Adjoint representation. This is justified by the fact that 
for a compact Lie group G, there is an equivalence Dq = S^'^, where S'^'^ denotes the 
one-point compactification of the adjoint representation of G. 

The magic of the spectrum Dq lies in the following two theorems of Klein [13] 

Theorem 8.2. Assume that EG is a finitely dominated space. Then the following are 
equivalent: 

(i) EG is a Poincare duality space of formal dimension n. 

(a) Dq has the (unequivariant) homotopy type of a sphere spectrum of dimension —n. 

Moreover, in the above two cases, the Thom spectrum EGj^ Aq Dq is the Thom 
spectrum of the Spivak normal bundle of EG. 

Theorem 8.3. Assume l^H^G^Q^l is an extension of topological groups, 
then if EH is a finitely dominated Poincare duality space, then there is a weak equiv- 
alence of spectra 

Moreover, one may replace Dh by an H -equivalent spectrum so as to make the above 
equivalence H-equivariant. 

We will apply the above theorems to the extension of topological groups 

1 ^ Vl{L/T) ^T^ L^l 

In order to make sense of this extension, we must work in the model-category of sim- 
plicial groups and replace the above groups by equivalent topological groups (c.f [10]). 

Let us record a simple lemma about simplicial groups that will be useful in the 
sequel. 



16 



NITU KITCHLOO AND DIETRICH NOTBOHM 



Lemma 8.4. Let sH — >■ sG be an acyclic fibration of simplicial groups. Then on taking 
realizations one gets an eoctension of topological groups 

1^ K ^ H ^G ^1 
with a contractible kernel K. Moreover, there is an H -equivalence of spectra Dh = Da- 
Proof. The realization of an acyclic fibration of simplicial groups is an acyclic Serre 
fibration. Hence we get an extension of topological groups with a contractible kernel K. 
We may consider the space EH/ X as a model for EG. Then the required equivalence 
is induced by the (2-sided) if-equi valence S[H\ — > S[G\ and is given by 

Dh = Map(£;//+, S[H\)" Meip{EH+, S[G])" = Meip{EG+, S[G]f = Dq 

□ 

We are now ready to prove the main theorem of this section 

Theorem 8.5. Let L be a finite loop space of formal dimension n, and let Bip : BT — >■ 
BL be a monomorphism, where T is an abelian compact Lie group of rank r, then the 
Ij- finite space L/T is stably reducible. 

Proof. For a connected space X, let sVlX denote the simplicial Kan loop group of X 
(c.f [10]). The map B^p induces a simplicial homomorphism 

Sip : silBT sQBL 

The properties of model categories allow us to factor s(p through an acyclic cofibration 
followed by a fibration. Consequently, we may assume that sip is a fibration. Unfor- 
tunately, sflBT is a highly non-abelian model for T. This is the price one has to pay 
for obtaining a fibration. Fortunately however, the simphcial group sflBT is related 
to an abelian simplicial model for T via adjointness. We have an acyclic fibration 

sQBT sT"" 

where sT" is a simphcial abehan model for T. 

Now taking the realization of we obtain an extension 

l^K-^T^^Lf^l, 

where and L^ denote the free models of T and L, we obtain by realizing the simplicial 
Kan loop groups sflBT and sflBL respectively. The group K is clearly equivalent to 
Q{L/T). Using Theorem 8.3, one obtains a X-equivariant equivalence 

Drf ^DkA Da 

Hence K acts trivially on D^f- In fact, D^s is a sphere spectrum of dimension n with a 
trivial K action. One sees this as follows: by Theorem 8.2, Dk is a sphere of dimension 
r — n. Moreover, by Lemma 8.4 Drpf = Dxa = D^ is also a sphere of dimension r, thus 
D]^s is a sphere of dimension n with a trivial K action. Hence D^ — S^^Dj-/ as a 
fT-spectrum. It now follows from Theorem 8.2 that the Thom spectrum of the Spivak 
Normal bundle of L/T is given by 11~^EKj^ Ak D^f. Thus to show that L/T is stably 
reducible, it is sufficient to show that D^f is equivalent to a sphere spectrum with a 
trivial T^ action. This follows by applying Lemma 8.4 to notice that D^f is equivalent 
to Dt^ which clearly has a trivial T^ action. □ 
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